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Historical Context

Goldberg polyhedra were introduced by Michael Goldberg in 1937 as a family of polyhe-
dral forms related to hexagonal and pentagonal structure on the sphere.

They sit within a larger classical context. The Platonic solids, associated with Plato and
known in classical Greek mathematics by circa 400 BCE, are the five convex polyhedra
whose faces are all congruent regular polygons and whose vertex structure is uniform. The
five Platonic solids are

Tetrahedron, Cube, Octahedron, Dodecahedron, Icosahedron.

Their dual relationships are

Tetrahedron←→ Tetrahedron

Cube←→ Octahedron

Dodecahedron←→ Icosahedron.

So the tetrahedron is self-dual, while cube and octahedron form one dual pair, and dodeca-
hedron and icosahedron form the other.

The Archimedean solids, associated with Archimedes and known by circa 250 BCE, are
convex polyhedra whose faces are regular polygons of more than one type, with the same
arrangement at every vertex. There are thirteen Archimedean solids.

The truncated icosahedron is one of the Archimedean solids. It is also the (1, 1) Gold-
berg polyhedron. This is the familiar soccer ball, and in chemistry it corresponds to C60,
buckminsterfullerene.
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Goldberg polyhedra extend the classical lineage of the Platonic and Archimedean solids into
a richer spherical family. They are mathematically beautiful because they bring together
symmetry, curvature, topology, and number in one coherent form. In this sense they may be
viewed as an eternal form within spherical symmetry: a stable potentiality of dimensional
structure that appears both in mathematics and in nature.

The Golden Ratio and the Icosahedron

The geometry of the icosahedron depends on the golden ratio.

One form of the golden ratio is
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A standard coordinate description of the icosahedron is given by the permutations of

(0,±1,±ϕ), (±1,±ϕ, 0), (±ϕ, 0,±1).
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These 12 vertices generate the icosahedron. The icosahedron is the Platonic solid underlying
the Goldberg construction, so the golden ratio enters at the level of the original spherical
symmetry itself.

Triangular Lattice

Take one triangular face of the icosahedron and divide it by a triangular lattice generated
by two directions separated by 60◦.

Let

h = number of steps in one lattice direction, k = number of steps in the other lattice direction.

These are the same steps one sees through the corresponding hexagonal structure. The
triangular lattice and the hexagonal lattice are dual descriptions of the same geometry, so
the (h, k) indexing can be read through either view.

The Trinomial

The fundamental quantity is the triangulation number

T = h2 + hk + k2.

This comes from the law of cosines. If the two lattice directions have lengths h and k, with
angle 60◦ between them, then the squared length of the resulting lattice vector is

T = h2 + k2 + 2hk cos(60◦).

Since

cos(60◦) =
1

2
,

it follows that
T = h2 + k2 + hk = h2 + hk + k2.

So the trinomial is the natural quadratic form of the triangular lattice.

Complex Number Form

The same structure appears naturally in the complex plane:

3



T =
∣∣h+ keiπ/3

∣∣2 .
This corresponds to generating the lattice by

1 and eiπ/3.

T =
∣∣h+ keiπ/3

∣∣2
So the same geometry can be written in a complex-number language.

Meaning of T

The number T measures the subdivision of each triangular face of the icosahedron. As T
increases, the structure becomes finer, producing more faces, more vertices, and a closer
spherical approximation.

Face, Edge, and Vertex Counts

For a Goldberg polyhedron with triangulation number T ,

Pentagons = 12,

Hexagons = 10(T − 1),

F = 10T + 2.

The number of pentagons stays fixed. The number of hexagons increases with T .

Using Euler characteristic on the sphere,

χ = V − E + F = 2,

and for this family one has
E = 30T, V = 20T.

Substituting these into Euler’s formula gives

20T − 30T + (10T + 2) = 2,

which is consistent.
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F = 10T + 2, E = 30T, V = 20T, χ = V − E + F = 2

The number 12 is especially interesting here. It appears as a necessary feature of spherical
structure. The sphere requires exactly the right amount of positive curvature, and that
curvature is carried by the twelve pentagons.

Example: (1, 1)

Let
h = 1, k = 1.

Then
T = h2 + hk + k2

becomes
T = 12 + (1)(1) + 12

so
T = 1 + 1 + 1 = 3.

Now compute the face count:

F = 10T + 2 = 10(3) + 2 = 32.

Compute the edge count:
E = 30T = 30(3) = 90.

Compute the vertex count:
V = 20T = 20(3) = 60.

Compute the number of hexagons:

10(T − 1) = 10(3− 1) = 20.

The number of pentagons is
12.

(h, k) = (1, 1) ⇒ T = 3, F = 32, E = 90, V = 60

Hexagons = 20, Pentagons = 12

So the (1, 1) case has
F = 32, E = 90, V = 60,
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with
12 pentagons, 20 hexagons.

This is the truncated icosahedron, the soccer ball, and C60.

Centroid and Barycentric Coordinates

The centroid of a triangle with vertices a,b, c is

ccentroid =
a+ b+ c

3
.

This is the average of the three vertices.

Barycentric coordinates are the more general form:

p = λ1a+ λ2b+ λ3c, λ1 + λ2 + λ3 = 1.

When

λ1 = λ2 = λ3 =
1

3
,

this gives the centroid. So barycentric coordinates are not the same thing as the centroid;
rather, the centroid is one special barycentric case.

Dual Structure

There are two related views of the construction. One is the triangulated structure. The
other is the pentagon–hexagon structure.

In the dual reorganization,
triangle centers −→ vertices,

and adjacency between triangles gives the edges of the dual network.

This is how the hexagons and pentagons emerge from the triangulated subdivision. The
structure reorganizes itself from triangles into a network of pentagons and hexagons while
preserving the underlying spherical symmetry.

Projection to the Sphere

Points are first constructed in flat coordinates and then projected onto the sphere.
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p̂ =
p

∥p∥
psphere = Rp̂

This projection carries the flat lattice into spherical geometry.

Hexagons and Flatness

120◦ + 120◦ + 120◦ = 360◦

Hexagons produce zero angular defect and therefore correspond to flat geometry.

Curvature and the Twelve Pentagons

At a vertex where two hexagons and one pentagon meet,

120◦ + 120◦ + 108◦ = 348◦

Defect = 360◦ − 348◦ = 12◦

12◦ =
π

15

Each pentagon contributes

5× 12◦ = 60◦ =
π

3

12× 60◦ = 720◦ = 4π

Exactly twelve pentagons are required. This is a consequence of the curvature of the sphere.

Curvature Law

∫
K dA = 4π and

∑
angle defects = 4π
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Curvature is concentrated at the pentagons, while hexagons remain flat.

Euler Characteristic

χ = V − E + F

χ = 2 (sphere)

This is invariant under continuous deformation.

Topology and Gauss–Bonnet

∫
K dA = 2πχ

Sphere:

χ = 2⇒
∫

K dA = 4π

Torus:

χ = 0⇒
∫

K dA = 0

Chirality and Enantiomers

(h, k) ̸= (k, h)

These produce mirror-related structures (enantiomers), introducing chirality.
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Goldberg Polyhedra Table

(h, k) T Faces Edges Vertices Hexagons Pentagons

(1,0) 1 12 30 20 0 12

(1,1) 3 32 90 60 20 12

(2,0) 4 42 120 80 30 12

(2,1) 7 72 210 140 60 12

(3,0) 9 92 270 180 80 12

(2,2) 12 122 360 240 110 12

(3,1) 13 132 390 260 120 12

(4,0) 16 162 480 320 150 12

(3,2) 19 192 570 380 180 12

(4,1) 21 212 630 420 200 12

(5,0) 25 252 750 500 240 12

(3,3) 27 272 810 540 260 12

(4,2) 28 282 840 560 270 12

(5,1) 31 312 930 620 300 12

(6,0) 36 362 1080 720 350 12

Geometry After Projection

After projection to the sphere, the faces are no longer perfectly regular polygons. The
hexagons are not planar regular hexagons. The combinatorial structure remains unchanged.

Occurrence in Nature

The molecule C60 is a carbon structure of sixty atoms arranged in the truncated icosahedral
form.

Viral capsids frequently exhibit icosahedral symmetry, with triangulation number T describ-
ing their subdivision.

Geodesic domes are constructed by subdividing icosahedral surfaces into triangular elements,
producing efficient structural systems.
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Summary

triangular lattice + (h2 + hk + k2) + spherical projection

dual structure + χ + 4π

12× 60◦ = 720◦ = 4π

The twelve pentagons supply curvature; the hexagons fill the remaining structure.
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